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1. 20%

Let f:[0,]] >R be areal-valued continuously differential function
with f(0)=0. Suppose also that there is a constant A >0 such that

for 0<x<1, 0<f'(x)<M f(x). Which of the following statements
is true?

A. f(x)=0 for 0<x<l
B. /f(x)>0 for 0<x<]

C. f'(x)>0 forsome x>0.

Find and justify your answer.

2. 20%
Consider the vector differential equation
dx (t )

= A(t)x (¢
IGO0}
where 4 isasmooth nxn functionon R.Assume A has the
property that

<f1(t)}’,Y>$C||sz for all yeR" reR,

where ¢ is a fixed real number. Prove that any solution x(z) of the

equation satisfies

I‘x(t)“ <e”

x(0)| forall ¢>0.

3. 20%

Let the real-valued function y(t ) (0 st< 00) solve the initial value

problem

Y'==bl, »0)=1 y(0)=0.
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Which of the following statements is true?

A. y(1)>0 for >0
B. There is exactly one £, >0 such that y(to) =0,
C. Thereexist £, >f,>0 suchthat y(,)=0 for j=12.

Find and justify your answer.

4. 20%

Let the function x(r) (-ew<t<w) be a solution of the differential

d? d
—2£~2b7);+cx=0 such that x(0)=x(1)=0, where »

equation
q di

and ¢ are real constants. Prove that x(n)=0 for every integer #.

5. 20%
i.  Find a basis for the space of real solutions of the differential
equation
L d"x
*) Z PR 0
n=0 dt

ii.  Find a basis for the subspace of real solutions of (*) that satisfy

limx(z)=0

t—w ( ) :
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